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Abstract
This paper presents a distributed smooth time-varying feedback control law for coordinating motions of multiple nonholonomic mobile robots of the Hilare-type to capture/enclose a target by making troop formations. This motion coordination is a
cooperative behavior for security against invaders in surveillance areas. Each robot in this control law has its own coordinate
system and it senses a target/invader, other robots and obstacles, to achieve this cooperative behavior without making any
collision. Each robot especially has a two-dimensional control input referred to as a “formation vector” and the formation is
controllable by the vectors. The validity of this control law is supported by computer simulations.
© 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction
1.1. Objective of research
Nonholonomy is a central issue on controlling a mobile robot in a single operation or multiple mobile robots
in a collective operation. There have been significant methodologies for asymptotically/exponentially stabilizing
nonholonomic mechanical systems, including unicycle-type mobile robots, car-like mobile robots, and mobile
robots towing trailers, in single operations by smooth or non-smooth time-varying feedback control laws [33,35]
(see in detail [12]). These control laws are quite powerful on controlling such single nonholonomic mechanical
systems. However, it is not straightforward to apply them to controlling multiple nonholonomic mechanical systems
interacting with each other in collective operations. Our objective is to develop a quantitative theoretical scheme
which guarantees asymptotic/exponential stability and formation controllability on coordinating the motions of the
multiple nonholonomic mobile robots of the Hilare-type to make formations in a distributed fashion. Hilare [18] is
a historical mobile robot built in 1977 at LAAS, France, and it is kinematically equivalent to a unicycle-type mobile
robot. We present, in this paper, a distributed smooth time-varying feedback control law whose asymptotic stability
is guaranteed in a mathematical framework, averaging theory [34], and in which formation controllability holds.
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1.2. Motion coordination of multiple mobile robots
Coordinating behaviors of multiple mobile robots is crucial on making cooperation among them to achieve
tasks that single mobile robots cannot manage such as lunar-base construction by bulldozer-type mobile robots
[8], a toxic waste cleanup by mobile robots [30], panel construction by mobile robots equipped with manipulators
[21,22], cooperative transportation/manipulation of a large object by mobile robots [2,15,19,24,25,27,50] and by two
four-legged robots [1], and surveillance and exploration by mobile robots [9,17,29,36]. These tasks are performed by
sophisticated control methodologies designed according to each specific application of the mobile robots. Especially,
the mobile robots are required to coordinate their motions on performing the tasks cooperatively. There are two
control schemes for coordinating the motions, a model-based control scheme and a behavior-based control scheme.
In the model-based control scheme, kinematics or dynamics of each mobile robot and interaction between the
robots are modeled mathematically. In addition, quantitative theoretical issues such as stability and controllability
are discussed rigorously. On the other hand, in the behavior-based control scheme, reactions of each robot to stimuli
coming from other robots or working environment are designed according to each task. As we have described,
we focus on developing a model-based control scheme, i.e., a quantitative theoretical scheme for coordinating the
motions of the multiple nonholonomic mobile robots of the Hilare-type to make formations in a distributed fashion.
As one of typical examples of cooperative behavior in which motion coordination is required, let us consider
cooperative transportation of an object carried by multiple mobile robots here briefly. Each robot in this case needs
to keep a certain relative position to others which is determined by the geometric arrangement of the supporting
points underneath the object. In a centralized control methodology, there is a supervisor who specifies the goal
configuration of the object and who also specifies a geometric path connecting the object current configuration and
its goal configuration. This geometric path turns into a trajectory when it is associated with some timing law. Once
the motion of the object is determined, the motion of each mobile robot is also uniquely determined, satisfying the
constraint that is the geometric arrangement of the supporting points. Of course, when each robot has nonholonomic
constraints, the supervisor cannot specify an arbitrary path (or trajectory). The nonholonomic constraints physically
mean that the robot wheels roll without slipping and such constraints reduce the instantaneous mobility of the
robot, while it is still controllable in its configuration space. In a distributed control methodology, there is no such
supervisor and each robot is allowed to communicate only with its neighboring robots on determining its motion in
many cases. If there is an appropriate distributed motion coordination strategy, then the mobile robots cooperatively
achieve transporting the object to the goal configuration. It is more difficult to make the object follow a desired path
(or trajectory) exactly without the supervisor.
1.3. Mission of multiple nonholonomic mobile robots in hunting behavior
We suppose, in this paper, that multiple nonholonomic mobile robots of the Hilare-type capture/enclose a target/invader by making troop formations in surveillance areas. A distributed control law [43,47] to perform such
cooperative behavior has been presented in the case of multiple holonomic mobile robots. However, it is more difficult to perform this behavior by multiple nonholonomic mobile robots of the Hilare-type in a distributed fashion,
which we describe in this paper. In a centralized control methodology to perform this task, a supervisor specifies
the goal positions of all the robots around the target and it also specifies the paths (or trajectories) connecting the
current and goal positions of them. The supervisor specifically plans the motion of each robot, avoiding collisions
with the other robots and obstacles, in order to make group formations capturing/enclosing the target. One of the
drawbacks of the centralized control methodology is that the computation and communication burdens imposed on
the supervisor planning the motions of all the robots and sending commands to each of them significantly increase
when the number of the robots gets larger. In the worst case, the centralized control methodology loses simultaneity
and its motion planning finally becomes off-line. In an off-line motion planning, the supervisor is supposed to
have the information describing the geometrical arrangement of static obstacles, e.g., walls, tables, desks, chairs,
and sofas, in the working environment. The supervisor is also supposed to have the information describing the
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movements of mobile obstacles. When we put some static or mobile obstacles that are unknown to the supervisor, it
is required to plan the motions of all the robots over again. This means that the centralized control methodology is
lacking adaptability to the variation of the working environment. In a distributed control methodology, there is no
such supervisor and each robot determines its motion referring to its relative position to other robots and the target,
in order to achieve this task. Especially, if there is an appropriate distributed motion coordination strategy, then
we do not need to resort to having a powerful planner who monitors the positions of all the robots and who plans
their motions and who also sends commands to each of them. In other words, the distributed control methodology
enables the robots to perform this task, belonging to the category of an on-line motion planning. Of course, in
both the centralized and distributed control methodologies, it is a challenging problem to overcome nonholonomic
constraints on coordinating the motions of multiple nonholonomic mobile robots.
To capture/enclose a target by making troop formations in a distributed control methodology, each mobile robot
(which is a nonholonomic mobile robot of the Hilare-type) in a troop needs to control its relative position to other
robots, which means that each robot has relative position feedback. Via this feedback, the robots interact with each
other. It follows from this that the robots making formations compose a large-scale visually articulated multi-body
system, and we need to consider the stability and controllability issues of the whole system on performing this
task. It is certainly a challenging problem to asymptotically stabilize mechanical systems with nonholonomy to
their desired configurations. This is because, as Brockett’s theorem [7] suggests, controllable systems without drift,
including unicycle-type mobile robots (which are kinematically equivalent to nonholonomic mobile robots of the
Hilare-type), car-like mobile robots, mobile robots towing trailers, cannot be asymptotically stabilized by smooth
time-invariant feedback control laws. For the purpose of performing the task, we need to develop a novel distributed
control law (which is required to be not a smooth time-invariant feedback control law) to asymptotically stabilize
a troop consisting of multiple nonholonomic mobile robots of the Hilare-type which is regarded as a large-scale
visually articulated multi-body system. Let us summarize the previously presented significant methodologies for
asymptotically/exponentially stabilizing nonholonomic mobile robots to their desired configurations via smooth
time-varying, discontinuous and non-smooth time-varying feedback control laws, below.
1.4. Feedback control for nonholonomic mobile robots
Samson [32] has initiated to examine smooth time-varying feedback control laws and he has presented a feedback
control law for a unicycle-type mobile robot. Motivated by potentiality of such feedback control laws, Coron [11] has
proven that smooth time-varying feedback control laws can asymptotically stabilize controllable systems without
drift. This exploit has shown the existence of the control laws, and then Pomet [31] has presented an explicit design
procedure for the systems based on the Lyapunov second method. Teel et al. [39] have presented another smooth
time-varying feedback control law to asymptotically stabilize mechanical systems in “power form” which is derived
from “chained form”. This chained form is widely used on kinematically describing a large class of controllable
systems without drift, including unicycle-type mobile robots, car-like mobile robots and mobile robots towing
trailers, although this class does not comprehend all controllable systems without drift. Samson [33] has presented
“skew-symmetric chained form” that is also derived from chained form, and he has shown that mechanical systems
in this form can be also asymptotically stabilized by a smooth time-varying feedback control law (see [12] in detail).
This skew-symmetric chained form is suited for a Lyapunov-like stability analysis. These time-varying feedback
control laws can guarantee asymptotic stability but cannot guarantee exponential stability. A slow convergence rate is
actually a drawback of these control laws. To overcome this drawback, M’Closkey and Murray [28] have established a
methodology to convert any asymptotic stabilizer for controllable systems without drift into an exponential stabilizer
using time-varying homogeneous feedback, and they have shown that the convergence rates of the asymptotic
stabilizers by Pomet [31] and by Teel et al. [39] are significantly improved by their methodology.
As alternatives, discontinuous and non-smooth feedback control laws have been explored. Bloch et al. [5] have
presented a discontinuous analytic feedback control law to asymptotically stabilize a class of nonholonomic mechanical systems. Unlike other control laws, the dynamics as well as the kinematics of the systems are considered
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and both velocity and torque inputs are allowed to be used in this control law. Canudas de Wit and Sørdalen [10]
have presented a discontinuous feedback control law to exponentially stabilize a unicycle-type mobile robot in
three-dimensional chained form. Sørdalen and Egeland [35] have extended the control law and they have presented
a non-smooth time-varying feedback control law to exponentially stabilize all mechanical systems in chained form
(see [12] in detail).
The feedback control laws mentioned above are supposed to control a single nonholonomic mechanical system and there have been no distributed control law to asymptotically stabilize multiple nonholonomic mechanical
systems interacting with each other. Therefore, although a nonholonomic mobile robot of the Hilare-type is kinematically the simplest mobile robot, it is certainly challenging to establish a distributed feedback control law for
asymptotically stabilizing multiple nonholonomic mobile robots of the Hilare-type to capture/enclose the target by
making troop formations.
1.5. Formation control for multiple mobile robots
Sugihara and Suzuki [37,38] have first examined a distributed motion coordination strategy to make group
formations of multiple holonomic mobile robots that are free to move on a plane, i.e., that can move in any direction
instantaneously. They have specifically presented an algorithm that enables the robots to make circle formations.
Although the final formation is not predicted quantitatively, they have derived such algorithm heuristically and they
have confirmed its validity in computer simulations. The multiple mobile robots in this motion coordination strategy
are homogeneous, which means that there is no stratification, i.e., there is no leader-robot and no follower-robot and
no mediator-robot between them. However, we often use such stratification in motion planning of the multiple mobile
robots. For instance, in a case where many mobile robots operate to pass a corridor, a robot follows another in front
of itself as a follower. The robot followed is a leader. Following some robots in front makes an efficient flow of the
robots. There have also been presented significant methodologies to make formations of the multiple mobile robots
using the leader–follower stratification. Balch et al. [3,4] have first showed behavior-based formation control for
making four formations, line, column, diamond and wedge, using a leader–follower approach. Each robotic vehicle
is nonholonomic and it has some reactions designed for making these formations. This collective behavior has
been successfully demonstrated by excellent experiments. Desai et al. [13,14] and Fierro et al. [16] have presented
feedback control laws for navigating multiple nonholonomic mobile robots in a leader–follower operation so as to
make formations. The leader-robot is required to keep moving on a pre-planned path, and each of the remaining
robots is a follower-robot following the leader-robot or the other robot moving in front of itself. Although all the
robots have nonholonomic constraints on their mobility, moving the robots enables them to control their relative
positions between them. Since the robots in this case keep moving/marching until they make desired formations, it
is not straightforward to apply their control laws to our task in which the robots capture/enclose the target/invader by
making troop formations. Also, in our task, we do not need to have a supervisor who specifies which robot is a leader
and which robot is a follower. We focus on making formations of the multiple mobile robots which are homogeneous.
Motivated by Sugihara and Suzuki’s work [37,38], Yamaguchi and Beni [40,41,48] have started to explore mathematical formulas for making formations of the holonomic mobile robots, and they have shown that there exists a
distributed control scheme which guarantees stability of the robots and controllability of the formation. Yamaguchi
[42,43,47,49] has modified this control scheme and he has derived a methodology that enables the holonomic mobile
robots to prevent invasions by making formations adapting to geometrical constraints of their working environment
[42,49], and he has also derived a methodology that enables the holonomic mobile robots to capture/enclose a
target/invader by making troop formations [43,47]. These methods [37,38,40–43,47–49] commonly have a presupposition that all the robots are free to move on a plane, i.e., they are holonomic mobile robots. Breaking such
presupposition, Yamaguchi and Burdick [44,46] have shown the existence of a distributed smooth time-varying
feedback control law that enables multiple nonholonomic mobile robots of the Hilare-type to make formations. Especially, the control law guarantees stability of the robots and controllability of the formation as the holonomic cases
of [40,41]. Yamaguchi [45] has modified the distributed smooth time-varying feedback control law and he has shown
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that it is also possible to make the nonholonomic mobile robots of the Hilare-type capture/enclose a target/invader
by making troop formations the same as the holonomic cases of [43,47], which we describe in this paper.
1.6. Summary of paper
Unlike other control laws which are supposed to asymptotically/exponentially stabilize a single nonholonomic
mechanical system and which has particular form on kinematically describing the system, the distributed smooth
time-varying feedback control law presented in this paper asymptotically stabilizes multiple nonholonomic mobile
robots of the Hilare-type interacting with each other and the control law does not use any particular form. Asymptotic stability of the control law is guaranteed in a mathematical framework, averaging theory [34]. To prove its
asymptotic stability we apply a theorem in averaging theory given by Eckhaus/Sanchez-Palencia (see [34, p. 70]).
We specifically deal with a matrix whose components are averaged over time by integration and whose eigenvalue distribution explicitly describes stability of this control law. Since the components of this matrix are integral
functions, its eigenvalue distribution is analytically shown by Hölder’s inequality (see [51, p. 33]), in functional
analysis. Therefore, stability analysis of this control law is given in averaging theory and it is technically related
with functional analysis.
This paper is organized as follows. In Section 2, we give the models of each robot and a robot troop that
pursues and tries to capture/enclose a target/invader in surveillance areas. In Section 3, we propose a distributed
smooth time-varying feedback control law and we show its asymptotic stability. In Section 4, we describe formation
controllability of this control law. In Section 5, we give computer simulations supporting the validity of this control
law. Finally, in Section 6, we give conclusions.

2. Hunting behavior by mobile robot troops
We consider (n) mobile robots, a target and (m) obstacles on a plane. Each mobile robot is a nonholonomic mobile
robot of the Hilare-type that has two wheels driven independently. We label each robot Ri and we also label each
obstacle Oj . However, these labels are not intrinsic to this method. Each robot does not need to know its own label,
other robots’ and obstacles’ labels. We denote with TARGET the target, and we also denote with i the coordinate
system of Ri . Each robot senses its relative position to other robots, TARGET and obstacles in its own coordinate
system, i . To express the positions of all the robots in a common coordinate system, we define a static coordinate
system, 0 . To express the velocity of Ri , we also define another coordinate system, 0i , whose origin is common
to that of 0 and whose orientation is common to that of i (see Fig. 1). These coordinate systems, 0 and 0i , are
unknown to Ri . Each Ri knows only its own coordinate system, i .

Fig. 1. Mobile robots, obstacles and TARGET on a plane.
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Fig. 2. A mobile robot troop.

Let us consider the (n) mobile robots in an open chain configuration that is referred to as a “strongly connected
graph” in graph-theory. We suppose that this configuration is always static (see Fig. 2). A robot at the start of an
arrow tries to keep a certain relative position to another at the end of the arrow, to make formations with other robots.
We call these robots as a mobile robot troop, when they move toward TARGET in order to capture/enclose it by
making troop formations. Although the control strategy presented in this paper is independent of the configuration
of the troop, we consider only the cases of an “open chain troop” (see Fig. 2), because the mission of this troop
is to capture/enclose TARGET by making an arc-like formation. Of course, in this operation, each robot avoids
collisions with other robots, obstacles and TARGET.

3. Robot control
3.1. Desired velocity
Since, as we have described, the (n) mobile robots form a strongly connected configuration, at least one arrow goes
from a robot to another. The (n) robots are especially in an open chain configuration. To perform this cooperative
hunting operation, we define an attraction which binds the robots sensing each other, and we regard the (n) robots
bound in this open chain configuration as a string. We define another attraction between each robot and TARGET.
This attraction works only when the robot senses TARGET, and it drives this string to approach TARGET for
capturing/enclosing it. We also define a two-dimensional vector given to each robot. This vector physically means
that the robot is pulled in the direction of the vector and its pulling strength is proportional to the norm of the
vector. The vector is referred to as a “formation vector” and it is used for controlling the shape of the string around
TARGET. In other words, this vector is a control input for capturing/enclosing TARGET by the formation of the
robots. In the following, we describe this control strategy more mathematically. We denote with Li the set of robots
to which arrows go from Ri . To make formations, Ri tries to keep a certain relative position to the robots in Li .
It also tries to keep a certain relative position to TARGET, to enclose it by making troop formations with other
robots. Let us assume that at least one mobile robot in the troop can see TARGET. The robot, Ri , also controls
its relative position to other robots, obstacles and TARGET, to avoid collisions with them. We denote with Mi the
set of robots and we also denote with Ni the set of obstacles, when they are sensed by Ri for collision avoidance.
The set, Mi , does not include Rj ∈ Li . In this feedback control law, Ri tries to move at its desired velocity that is
affected linearly by its relative position to the robots in Li and to TARGET, in order to enclose it by making troop
formations with other robots. The desired velocity of Ri is also affected linearly by its relative position to the robots
in Mi , the obstacles in Ni and TARGET, to avoid collisions with them. Moreover, the desired velocity is affected
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linearly by a vector, t (dxii , dyii ), referred to as a “formation vector”. The upper suffix, “i” means that the vector is
expressed in the coordinate system of Ri , i.e., in i . Of course, any vector without this upper suffix is expressed in
the static coordinate system, 0 . This notation rule is applied to the expression of any vector below. Formally, we
express the desired velocity of Ri as:
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where ṽ ii is the desired velocity of Ri in i ; t (xji , yji ), j ∈ Li ∪ Mi , is the position of Rj ∈ Li ∪ Mi in i , i.e., the
relative position of Rj ∈ Li ∪ Mi to Ri in i ; t (xji , yji ), j ∈ Ni , is the position of a point on the surface of Oj ∈ Ni
in i and the point is sensed by Ri for collision avoidance, i.e., the relative position of the sensed point to Ri in
i ; t (xti , yti ) = t (xji , yji ), j ∈ TARGET, is the position of TARGET in i , i.e., the relative position of TARGET
to Ri in i ; t (dxii , dyii ) is the formation vector of Ri ; τij > 0, j ∈ Li , is the attraction coefficient of Ri to Rj ∈ Li ;
τi is the attraction coefficient of Ri to TARGET, and τi = τ > 0 when Ri can see TARGET, and τi = 0 when Ri
cannot see TARGET. Physically, τij t (xji , yji ) in the first term of Eq. (1) means that Ri is attracted to Rj . The second
term means that Ri is attracted to TARGET. The third term means that Ri is pulled in the direction of t (dxii , dyii ).
The fourth term means that Ri is repulsed from Rj ∈ Li ∪ Mi , the surface of Oj ∈ Ni and TARGET as an artificial
potential field [6,20,26] exists. This repulsion works only in cases where at least one of the relative distances of Ri
to them is shorter than D. The coefficient, δij , j ∈ Li ∪ Mi , is the repulsion coefficient of Ri from Rj ∈ Li ∪ Mi ; δij ,
j ∈ Ni , is the repulsion coefficient of Ri from the surface of Oj ∈ Ni , and δit = δij , j ∈ TARGET, is the repulsion
coefficient of Ri from TARGET. The scalar, δ, is positive.
The desired velocity, ṽ ii , is expressed in the static coordinate system, 0 , as:
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where t (ṽxi , ṽyi ) is the desired velocity of Ri in 0 ; ρi is the transformation matrix from 0i to 0 ; t (xj , yj ),
j ∈ Li ∪ Mi , is the position of Rj ∈ Li ∪ Mi in 0 ; t (xj , yj ), j ∈ Ni , is the position of a point on the surface of

264

H. Yamaguchi / Robotics and Autonomous Systems 43 (2003) 257–282

Oj , j ∈ Ni , in 0 and the point is sensed by Ri for collision avoidance; t (xt , yt ) = t (xj , yj ), j ∈ TARGET, is the
position of TARGET in 0 , and t (dxi , dyi ) is t (dxii , dyii ) transformed by ρi and it is expressed in 0 .
3.2. Desired system
Let us consider a case where each robot is holonomic and it can move at its desired velocity, i.e., Eq. (3) holds
   
ẋi
ṽxi
=
.
(3)
ẏi
ṽyi
Although, in fact, each robot is a nonholonomic mobile robot of the Hilare-type and it cannot move sideways, we
dare to assume this case here and let us discuss stability of the robot controlled by Eq. (3) in this subsection. We
refer to such robotic system as a “desired system”. Since the robot in this control law tries to move at its desired
velocity, at least this desired system should be asymptotically stable. To analyze stability of the desired system, we
rewrite Eq. (3) as:
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where
defined as: bij,i=j = τij∈Li > 0; bij,i=j = τij∈L
/ i = 0, and bii =
n the matrix, B ∈ R , has components
− j=1,j=i bij . The matrix, C ∈ Rn×n , has components defined as: cij,i=j = δij∈Li ∪Mi ; cij,i=j = δij∈L
/ i ∪Mi = 0,
n
and cii = − j=1,j=i cij . The set, Mi , does not include Rj ∈ Li . As we have described, the troop has a strongly
connected configuration, so that bii < 0, i = 1, 2, . . . , n. Since the diagonal components of B are negative and the
non-diagonal ones are not negative, B is a compartment matrix. The matrix, C, is also a compartment matrix. Then,
it follows from (B + C − ∆ − Λ)v 1 ≤ 0 that (B + C − ∆ − Λ) is asymptotically stable [23]. In Eq. (4), the norms
of ξ x and ξ y are finite, because t (ξxi , ξyi ) is the summation of the two terms: one is the summation of δij t (xj , yj ),
j ∈ Ni ∪ TARGET, and the other is the summation of the normalized vectors, and the norm of each vector is
δij D (see Eq. (4)). In addition, we design the norm of t (dxi , dyi ) to be finite. Then, x and y are stable and they are
determined by the formation vectors, the positions of TARGET and the obstacles. Actually, the holonomic mobile
robots which have the formation vectors determined as in Fig. 6 capture/enclose TARGET by making an arc-like
formation (see [43,47]). In the following, we show that, even if each robot is a nonholonomic mobile robot of the
Hilare-type, this robotic system is still asymptotically stable the same as the case where each robot is holonomic
and the robots achieve this cooperative hunting behavior.
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Fig. 3. A Hilare-type mobile robot.

3.3. Control inputs for robot wheels
A Hilare-type mobile robot has two wheels that are driven independently. Rotating these wheels, this mobile
robot controls its position and orientation. In particular, it is possible for this type of robot to change its orientation
without moving in any direction. We denote the position of Ri with t (xi , yi ) and its orientation with θi in the static
coordinate system, 0 . We also denote the rotation angles of its two wheels with φi1 and φi2 , respectively, and the
radius of the wheel with R and the width between the wheels with W (see Fig. 3). Its moving velocity and its angular
velocity of its orientation are given as:


R
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ẋ

 i 
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We define ei in Eq. (6) that is a unit vector and that is on an axis of i . The axis specifies the orientation of Ri ,
i.e., θi in the static coordinate system, 0 (see Fig. 3). We also define v i in Eq. (7) that is the velocity of Ri . These
vectors, ei and v i , are expressed in the static coordinate system, 0 .
ei = t ( cos θi , sin θi ),

(6)

v i = t (ẋi , ẏi ) = 21 R(φ̇i1 + φ̇i2 )ei .

(7)

As Eq. (7) shows, the robot can move only in the direction of the vector, ei , and it cannot move in its sideways
direction. This means that the robot cannot move at the desired velocity, ṽ i , as long as ei is not parallel to ṽ i . For
that reason, we take a projection of ṽ i onto the axis of i specifying θi in 0 and we determine the robot velocity,
v i , in order for it to be the same as the projection, as:
ei · v i = ei · ṽ i .

(8)

From Eqs. (7) and (8), the summation of the angular velocities of the two wheels is determined as:
φ̇i1 + φ̇i2 =

2
ei · ṽ i .
R

(9)

Since the vector, ṽ i , linearly depends on the relative position of Ri to other robots, TARGET and obstacles, the
right-hand side of Eq. (9) is state feedback. When the robot does not change its orientation, ei is static and this
feedback is smooth time-invariant feedback. On the other hand, when the robot changes its orientation dependently
on time, this feedback is smooth time-varying feedback. Unless the robot changes its moving direction, the desired
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velocity, ṽ i , can be perpendicular to ei . In the case where ṽ i ⊥ ei , the projection of ṽ i onto the axis of i that specifies
θi in 0 is zero and the robot stops without capturing/enclosing TARGET by making troop formations with other
robots. To avoid this case, we propose that each robot changes its orientation according to time. Specifically, we
design the orientation to be a function of time as θi = θi (t). This means that we use smooth time-varying feedback.
Once this function is given and then the difference of the angular velocities between the wheels is determined as:
φ̇i1 − φ̇i2 =

2W
θ̇i (t).
R

(10)

From Eqs. (9) and (10), the angular velocities of the wheels are uniquely determined as:
φ̇i1 =

(ei · ṽ i + W θ̇i (t))
,
R

(11)

φ̇i2 =

(ei · ṽ i − W θ̇i (t))
.
R

(12)

The inner product, ei · ṽ i , in Eqs. (11) and (12) can be rewritten as:
ei · ṽ i = eii · ṽ ii ,

(13)

where eii and ṽ ii are vectors expressed in the coordinate system, i . This means that Ri can calculate this inner
product without referring to the static coordinate system, 0 . Therefore, Ri can determine its angular velocities of
its wheels, φ̇i1 and φ̇i2 , in i independently.
Consequently, the velocity of Ri is given as:
 

 

ṽxi
cos2 θi (t)
cos θi (t) sin θi (t)
ẋi
= Mi
,
Mi =
.
(14)
ẏi
ṽyi
sin θi (t) cos θi (t)
sin2 θi (t)
As shown above, Mi is a symmetrical matrix and its eigenvalues are real and its eigenvectors which are perpendicular
to each other span a two-dimensional space. We shall regard the vector, t (ṽxi , ṽyi ), in the right-hand side of Eq. (14)
as a vector field and we shall express it as a linear combination of the eigenvectors of Mi as:
 
ṽxi
= ai1 w i1 + ai2 w i2 ,
ṽyi
where wi1 and w i2 are the eigenvectors of Mi . Then, Eq. (14) is rewritten as:
 
ẋi
= Mi (ai1 wi1 + ai2 wi2 ) = ai1 λi1 w i1 + ai2 λi2 w i2 ,
ẏi
where λi1 and λi2 are the eigenvalues of Mi . We can see that the right-hand side of the above equation is a linear
transformation of the vector field, ai1 w i1 +ai2 w i2 , by the matrix, Mi . The parameter, ai1 , expresses the direction and
the magnitude of a flow along wi1 in this vector field. Since the trace of this matrix is positive and its determinant
is zero independently of θi (t), i.e., independently of the rotation of Ri , the matrix has a positive eigenvalue and a
zero-eigenvalue. This zero-eigenvalue makes an equilibrium region (that is a line and that includes an equilibrium
point of ṽ i , ṽ i = 0), e.g., if λi1 = 0, λi1 makes the vector field, ai1 w i1 + ai2 w i2 , lose a flow along wi1 and it
makes the equilibrium region (line) that is parallel to wi1 in this linear transformation, while λi2 that is positive
does not change the direction of a flow along wi2 but changes the magnitude of the flow. Hence, unless the robot
rotates, it is trapped by the equilibrium region where ṽ i ⊥ ei , i.e., t (ẋi , ẏi ) = t (0, 0). Of course, we cannot conclude
from Eq. (14) that the rotating robot can avoid being trapped. We can just conclude from Eq. (14) that the robots
stop without capturing/enclosing TARGET at least when they do not rotate, because Mi is not a full-rank matrix.
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However, we strongly emphasize here that, in the averaged system of Eq. (14) (which we discuss below), Mi turns
into a full-rank matrix whose eigenvalues are positive when the robots rotate and we can see that they achieve this
cooperative hunting behavior.
3.4. Theorem by Eckhaus/Sanchez-Palencia in averaging theory
The method of averaging is a powerful mathematical tool to derive a time-independent system which gives
approximate solutions of a time-dependent system. The time-independent system itself is an averaged system of the
time-dependent system. Using the theorem by Eckhaus/Sanchez-Palencia, more than making such approximation,
we can examine stability of the time-dependent systems by analyzing their averaged systems. Of course, this is not
in all cases but in some cases. We especially emphasize that this theorem is applicable to analyzing stability of this
robotic system. We recall the theorem in this subsection. Let us consider the equation:
ẋ = $f (t, x),

x(0) = x 0 ,

where x 0 , x ∈ D ⊂ Rn ; f (t, x) : R+ × Rn → Rn is Lipschitz-continuous in x on D ⊂ Rn , t ≥ 0, and it is
continuous in t and x on R+ × D. If the average of f (t, x) over time,

1 T
0
f (x) = lim
f (t, x) dt,
T →∞ T 0
exists, then f (t, x) is referred to as a KBM vector field. KBM stands for Krylov, Bogoliubov and Mitropolsky. We
suppose that f (t, x) is a KBM vector field producing the averaged equation:
ẏ = $f 0 (y),

y(0) = x 0 ,

where y is an approximation of x. When these five conditions: (i) y = y c is an asymptotically stable point in a
linear approximation; (ii) f 0 (y) is continuously differentiable with respect to y in D; (iii) f 0 (y) has a domain of
attraction, D0 ⊂ D; (iv) f (t, y c ) = 0, and (v) x 0 ∈ D0 ⊂ D hold, both x and y converge to y c and the error
between x and y is bounded as
x(t) − y(t) = O(δ($)),

0 ≤ t < ∞,

where δ($) = o(1).
In the following, we average this robotic system in Eq. (14) over time and we derive its averaged system which
is just a first-order linear time-differential equation and which reflects stability of the robotic system in Eq. (14) as
the case of the theorem of Eckhaus/Sanchez-Palencia and whose stability is described similarly as stability analysis
of the desired system given in Section 3.2.
3.5. Averaged system
As we have described in Section 3.3, we design the orientations of the robots to be functions of time, which means
that this robotic system is a time-dependent system. Not in all cases but in some cases, we can examine stability of
time-dependent systems by analyzing their averaged systems that are time-independent. We especially emphasize
that we can see stability of this robotic system in its averaged system as shown below.
The averaged system of Eq. (14) is given as:
 


Ẋi
Ṽxi
= M̂i
,
(15)
Ẏi
Ṽyi
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1
M̂i = lim
T →∞ T



1
T →∞ T

mi1 = lim

1
T →∞ T

1
T →∞ T



Ṽxi


=

Ṽyi







t

T

0




T

0
T

0

mi1

mi2

mi2

mi3


,

cos2 θi (t) dt,
cos θi (t) sin θi (t) dt,
sin2 θi (t) dt,


τij

j∈Li

+

δij =

Mi dt =

0

mi2 = lim
mi3 = lim



T

Xj



Yj


j∈OBJECTS

δij


−


Xi
Yi
Xj
Yj




+ τi




−

δ

|t (Xj , Yj ) − t (Xi , Yi )| ≤ D,

0

|t (Xj , Yj ) − t (Xi , Yi )| > D,

Xi
Yi

xt

yt





−

−D

Xi





Yi
Xj
Yj


+




−

dxi



dyi

Xi
Yi


  
 X
Xi 
j

−

 ,
 Yj
Yi 

j ∈ OBJECTS = Li ∪ Mi ∪ Ni ∪ TARGET,

(Xi (0), Yi (0)) = t (xi (0), yi (0)),

where t (Xi , Yi ) is an approximation of t (xi , yi ). Approximation errors in averaging theory are generally bounded only
in finite time. However, if an averaged system (which is Eq. (15) here) has an attractor globally and an original system
(which is Eq. (14) here) equilibrates on this attractor, i.e., if t (Xi , Yi ) converges to the attractor that we denote with
t (X , Y ) and t (ẋ , ẏ ) = t (0, 0) holds in Eq. (14) where t (x , y ) = t (X , Y ), both t (X , Y ) and t (x , y ) converge
0i 0i
i i
i i
0i 0i
i i
i i
to the attractor, t (X0i , Y0i ), and an error between them is bounded in t ∈ [0, ∞] (see Eckhaus/Sanchez-Palencia’s
theorem [34, p. 70]).
As we can see in Eq. (15), the averaged system is identically the same as the desired system where t (ẋi , ẏi ) =
t (ṽ , ṽ ) holds except that the vector field, t (Ṽ , Ṽ ), is transformed by the matrix, M̂ , which is symmetric. If
xi yi
xi
yi
i
both the eigenvalues of the matrix, M̂i , are positive, the orientations of the flows of the vector field are invariant
while the magnitudes of the flows are changed in this linear transformation. This means that, if so, the averaged
system and the desired system have the same attractor where the robots (which are holonomic mobile robots)
capture/enclose TARGET by making troop formations (see [43,47]), i.e., where t (ṽxi , ṽyi ) = t (0, 0) holds. Of
course, the original system (this robotic system) equilibrates on this attractor, because t (ẋi , ẏi ) = t (0, 0) holds in
Eq. (14) where t (ṽxi , ṽyi ) = t (0, 0). This deduces the fact that, if both the eigenvalues of M̂i are positive, the robots
(which are nonholonomic mobile robots of the Hilare-type in the original system, i.e., in this robotic system) also
capture/enclose TARGET the same as the case of the desired system and they certainly achieve this cooperative
behavior. Therefore, in the following, we examine the eigenvalues of the matrix, M̂i .
Similarly in the case of Eq. (14), the right-hand side of Eq. (15) is a linear transformation of the vector field,
t (Ṽ , Ṽ ), by the matrix, M̂ . As we have described, the robots stop without capturing/enclosing TARGET at least
xi
yi
i
when they do not rotate, because Mi in Eq. (14) is not a full-rank matrix. This must also hold in Eq. (15), since it
is an approximation of Eq. (14). Obviously, the trace of M̂i is positive independently of θi (t), i.e., independently of
the rotation of Ri . The determinant of M̂i is given as:
  T
  T
   T
2
1
1
1
cos2 θi (t) dt
det M̂i =
sin2 θi (t) dt −
cos θi (t) sin θi (t) dt , T → ∞.
T 0
T 0
T 0
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When the robot, Ri , does not rotate, det M̂i = 0 holds and we conclude that the robot fails to achieve this cooperative
hunting behavior. To show the range that det M̂i takes, we use the following theorem in functional analysis.
Theorem. Let 1 < p < ∞ and let 1/p + 1/q = 1 and then we have

1/p 
1/q

b

a

b

|f(t)g(t)| dt ≤

a

b

|f(t)|p dt

a

|g(t)|q dt

,

where f(t), g(t) and f(t)g(t) are Lebesgue integrable. The range of this integral can be infinite. This inequality is
referred to as “Hölder’s inequality” (see [51, p. 33]).
Remark. The equality sign in this inequality holds if and only if there exists a non-negative constant c such that
|f(t)| = c|g(t)|1/(p−1) .
Let p = q = 2 and let us modify this inequality as:
 


1/2 
1/2

 b
b
b
b


2
2
f(t)g(t) dt  ≤
|f(t)g(t)| dt ≤
|f(t)| dt
|g(t)| dt


 a
a
a
a
and


b
a

2
f(t)g(t) dt


≤

b
a

 
f(t)2 dt

b
a


g(t)2 dt

and then we derive
  T
2   T
  T

1
1
1
2
2
cos θi (t) sin θi (t) dt ≤
cos θi (t) dt
sin θi (t) dt ,
T 0
T 0
T 0

T → ∞.

If and only if the robot does not rotate, there exists a constant c such that cos θi (t) = c sin θi (t) and the equality
sign of the above inequality holds, i.e., det M̂i = 0 holds as det Mi = 0. However, if the robot rotates, det M̂i > 0
holds and M̂i is a full-rank matrix whose eigenvalues are positive and then it follows that the robots capture/enclose
TARGET by making troop formations. In other words, the averaged system explicitly describes both the cases where
the non-rotating robots cannot achieve this cooperative hunting behavior and where the rotating robots can do so,
while the original system (which is Eq. (14)) explicitly describes only the former case. Hence, we conclude that we
can see stability of this type of nonholonomic mechanical system which consists of multiple nonholonomic mobile
robots of the Hilare-type in its averaged system. We particularly emphasize that det M̂i ≥ 0 is the “most important
mathematical formula” in this mechanical system, because this formula gives us a clue to examine stability that we
cannot see in the original system. Of course, each robot is not required to keep rotating. The robot can stop its rotating
motion and it can direct its orientation in its desired direction, after ṽ i = 0 holds, i.e., after it captures/encloses
TARGET by making troop formations with other robots. Even if the robots do not synchronize their rotating motions,
they achieve this cooperative hunting behavior. Since we can choose any non-constant time-varying function as θi (t),
this control law allows for wide variety of time-varying feedback.
We summarize the point of this section here. Based on Eckhaus/Sanchez-Palencia’s theorem (see [34, p. 70]),
in averaging theory, we have proven that the convergence value of t (xi , yi ) in the desired system where each robot
is a holonomic mobile robot actually gives the final position of Ri which is a nonholonomic mobile robot of the
Hilare-type, when the robot rotates. Therefore, we can derive the final relative position of the troop to TARGET
and the final formation of the troop, by analyzing the desired system that is just a first-order linear time-differential
equation and that is independent of the rotating motions of the robots. In the following, we formulate how the robots
capture/enclose TARGET by making troop formations.
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4. Formation control
4.1. Relative positions to TARGET
To capture/enclose TARGET, the troop needs to have an appropriate relative position to TARGET and the troop
also needs to make an appropriate formation around it. In this subsection, we describe how the final relative position
is determined in the desired system where each robot is a holonomic mobile robot. Of course, each robot in this
control law has a nonholonomic constraint. However, as we have described, when the robot rotates, the original
system (this robotic system in Eq. (14)) and the desired system have the same attractor where the robots (which are
holonomic mobile robots) capture/enclose TARGET (see [43,47]), so that, by analyzing the desired system that is
just a first-order linear time-differential equation and that is independent of the rotating motions of the robots, we can
derive the final relative position of the troop to TARGET and the final formation of the troop in the original system
where each robot is a nonholonomic mobile robot of the Hilare-type. In the following, we expand mathematical
formulas describing the desired system in order to derive the final relative position of the troop to TARGET. The
(n) relative positions of the (n) robots to TARGET are given as:
t

(θxi , θyi ) = t (xi , yi ) − t (xt , yt ),

(16)

where i = 1, 2, . . . , n. From Eqs. (4) and (16), using Bv 1 = 0 and Cv 1 = 0, the time-differentials of the relative
positions in the desired system are derived as:


θ̇ x




=

θ̇ y

B+C−∆−Λ


−

0
Λ

0

0

Λ





0

θx



B+C−∆−Λ
θy
 
 
  
xt v 1
ẋt v 1
dx
ξx
−
+
+
,
yt v 1
ẏt v 1
dy
ξy

θ x = t (θx1 , θx2 , . . . , θxn ),

(17)

θ y = t (θy1 , θy2 , . . . , θyn ).

When any relative distance of any robot to any other robot, any obstacle and TARGET is longer than D, any repulsion
(which repulses a robot from the other robots, the obstacles and TARGET for collision avoidance) does not work
and the relative positions calculated below are exactly the same as the final relative positions of the robots (which
are nonholonomic mobile robots of the Hilare-type) to TARGET. Even if the repulsion works, we can estimate
the final relative positions, since the repulsion works only in the limited areas around the robots, the obstacles and
TARGET. In the following, we calculate the relative positions only in cases where any repulsion does not work. In
such cases, δij = 0, i = 1, 2, . . . , n, j ∈ OBJECTS, holds and Eq. (17) is written as:


θ̇ x




=

θ̇ y



B−∆

0

0

B−∆

θx
θy




+

dx




−

dy

ẋt v 1
ẏt v 1


,

(18)

where t (ẋt , ẏt ) is the velocity of TARGET. Since we suppose the troop to pursue TARGET in closed environments,
e.g., in buildings, TARGET possibly loses its escape route and it is finally captured/enclosed by the troop. In the
case where TARGET slows down and t (ẋt , ẏt ) = t (0, 0) holds, the convergence value of t (t θ x , t θ y ) is given as:


θx
θy




=

−(B − ∆)−1

0

0

−(B − ∆)−1



dx
dy


.

(19)
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Moreover, when all the robots can sense their relative positions to TARGET, ∆ = τIn holds and Eq. (19) is rewritten
as:


  
0
−(B − τIn )−1
dx
θx
=
,
(20)
0
−(B − τIn )−1
θy
dy
where In is a n × n identity matrix. This equation means that the final relative position of the troop to TARGET
and the final formation of the troop are determined solely by the formation vectors, t (dxi , dyi ), i = 1, 2, . . . , n. In
Section 4.3, we discuss the determination of the formation vectors for capturing/enclosing TARGET.
As we have assumed in Section 3.1, at least one mobile robot in the troop can sense its relative position to
TARGET and the robot is attracted to it by the second term in the right-hand side of Eq. (1). Since the troop has a
strongly connected configuration, other robots are pulled by the robot toward TARGET and all the robots can finally
sense their relative positions to TARGET. Of course, in some cases, obstacles prevent some robots from sensing
TARGET and the troop gets stuck, which is referred to as a deadlock. Solving deadlocks will be investigated in
future work.
4.2. Troop formation
To describe troop formations, we define (n − 1) relative position vectors between the (n) robots as:
t

(φxk , φyk ) = t (xj − xi , yj − yi ),

(21)

where k = 1, 2, . . . , n − 1. These vectors are required to form a connected oriented-graph (in which a robot is
a node and a relative position vector is an oriented path between the robots and in which all the (n) nodes are
connected together by the (n − 1) oriented paths), otherwise they cannot describe formations uniquely. To handle
all the x-components and all the y-components of the relative position vectors separately, we define two vectors as:
φ x = t (φx1 , φx2 , . . . , φxn−1 ),

φ y = t (φy1 , φy2 , . . . , φyn−1 ).

The vectors, φ x and φ y , are related with x and y as:


f1


 
 

 f2 
P 0
x
φx


=
,
P =  . ,
.


0 P
y
φy
 . 
f n−1

f i = (. . . , 1, . . . , −1, . . . ), i < n,

where P ∈ R(n−1)×n and f i ∈ R1×n . All the components of f i are zero except two of them: 1 and −1. The f i ’s are
linearly independent of each other, which means that the relative position vectors form a connected oriented-graph
mentioned above. Here, we give an example of P as follows.


1 0 · · · 0 −1


 0 1 . . . ... −1 


P =.
.
.. 
 . ... ...

.
0
.


0

···

0

1

−1

When any relative distance of any robot to any other robot, any obstacle and TARGET is longer than D, δij = 0,
i = 1, 2, . . . , n, j ∈ OBJECTS, holds. Moreover, when all the robots can sense their relative positions to TARGET,
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using φ x = Px = Pθ x and φ y = Py = Pθ y , the convergence value of φ x and φ y are derived from Eq. (20) as:
 



0
−P(B − τIn )−1
dx
φx
=
.
(22)
0
−P(B − τIn )−1
φy
dy
The above equation, Eq. (22), means that φ x and φ y are determined solely by t (dxi , dyi ), i = 1, 2, . . . , n, i.e., the
final formation is determined solely by the formation vectors. Since P is full-rank and (B − τIn ) is asymptotically
stable, the formation is controllable by t (dxi , dyi ), i = 1, 2, . . . , n. Let us refer to this controllability as formation
controllability.
4.3. Determination of formation vectors
As we have described, the final relative position of the troop to TARGET and the final formation of the troop
are controllable by the formation vectors independently of the rotating motions of the robots, when all the robots
sense TARGET and at the same time TARGET is static losing its escape route in closed environments, e.g., in
buildings. This means that the formation vectors are control inputs for capturing/enclosing TARGET by making
troop formations. In this subsection, we give two examples of the determination of the formation vector and these
are used to capture/enclose TARGET by making an arc-like formation in computer simulations later. We suppose
Ri to determine its formation vector, t (dxi , dyi ), in i . More specifically, we suppose Ri to determine t (dxi , dyi )
according to its surrounding environment in i , e.g., according to its relative position to Rj ∈ Li and TARGET in
i . Fig. 4(a) shows that Ri directs t (dxi , dyi ) along the line passing the origin of i from TARGET. Fig. 4(b) shows
that Ri directs t (dxi , dyi ) along the line that is passing the origin of i and that is perpendicular to the line between
TARGET and Rj . Fig. 4(a) physically means that Ri tries to keep a relative position to TARGET that is parallel to
t (d , d ). We can also describe the physical meaning of Fig. 4(b) similarly. These determinations are regarded as
xi yi
reactions of a robot according to its surrounding environment. Therefore, we can see that each robot determines its
formation vector in a reactive control framework.
Since both the formation vectors in Fig. 4(a) and (b) are independent of i , they are invariant even if Ri changes its
orientation. In other words, formation controllability is invariant under the rotation of Ri . We can, of course, consider
the formation vector, t (dxi , dyi ), to depend on i . In such cases, the orientation of Ri is one of formation control
elements. This will be investigated in future work. Thus, we are considering two mappings: one is Si , a mapping
from the surrounding environment of Ri to t (dxi , dyi ), and the other is T , a mapping from t (dxi , dyi ), i = 1, 2, . . . , n,
to the formation (see Fig. 5). The determinations of t (dxi , dyi ) in Fig. 4(a) and (b) are examples of Si . We can design
others of Si . However, we cannot always guarantee to find an appropriate design of Si for each application, because
Ri determines t (dxi , dyi ) only according to its own surrounding environment and its determination is independent
of others’. Hence, although, as we have described, the formation is controllable by t (dxi , dyi ), i = 1, 2, . . . , n,

Fig. 4. Determination of t (dxi , dyi ).
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Fig. 5. Mappings, Si and T , in making formations.

we cannot say that it is possible to make any formation, as long as Ri determines its formation vector, t (dxi , dyi ),
independently.
From Eq. (22), using (B − τIn )v 1 = −τv 1 ∈ Ker(B), the inverse mapping of T is derived as:
 





−(B − τIn ) t P(P t P)−1
0
φx
hx v 1
dx
=
−τ
,
(23)
0
−(B − τIn ) t P(P t P)−1
dy
φy
hy v 1
where hx and hy are arbitrary scalars, because d x and d y are (n)-dimensional vectors while φ x and φ y are (n −
1)-dimensional vectors. Substituting the right-hand side in Eq. (23) for t (t d x , t d y ) in Eq. (20), we rewrite the (n)
relative positions of the (n) robots to TARGET as:

 

  
t P(P t P)−1
0
φx
hx v 1
θx
=
−
.
(24)
t P(P t P)−1
0
θy
φy
hy v 1
As Eq. (24) shows, even if we determine the formation, φ x and φ y , the relative position of the troop to TARGET is
not unique. The relative position depends on t (hx , hy ). Since φ x , φ y and t (hx , hy ) are determined by the formation
vectors as Eq. (23) shows, we have to design the formation vectors in order for the troop to have an appropriate
relative position to TARGET and to make an appropriate formation around it.
4.4. Other formations
It is possible to make other formations using this control law. As we have described, the formation vector of
Ri physically means that the robot, Ri , is pulled in the direction of the vector. The pulling strength is proportional
to the norm of the vector. To elaborate the relation between the robot and formation control, let us consider the
following three simple cases where we control the relative positions between the robots to make some formations
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without having the attraction to TARGET, i.e., without sensing TARGET. In the first case where we control the
relative position between two robots sensing each other along a specified line, e.g., along the x-axis, we need to
set the directions of their formation vectors to be opposite to each other along the specified line and we also need
to adjust the norms of the vectors. In the second case where we make a straight-line formation of multiple robots
in an open chain configuration along a specified line at even intervals, the formation vectors of the non-end robots
cancel out each other and these vectors are zero-formation vectors when all the attraction coefficients between the
robots are the same while the formation vectors of the end robots have the directions opposite to each other along
the specified line and their norms are the same. The length of the straight-line formation is proportional to the
norms of the formation vectors of the end robots. In the third case where we make a triangle-formation, the robots
in an open chain configuration are regarded as a string, and both the end robots and the robots in the middle of the
configuration are pulled by their formation vectors. The size of the triangle-formation is proportional to the norms
of the vectors. Of course, the robots are attracted to TARGET when they sense it, so that we have to adjust the
formation vectors to compensate the deformation by the attraction. The formation vectors required to make some
specified formation of the troop around TARGET and required to make some specified relative position of the troop
to TARGET are calculated by Eq. (20). In Section 5, we show a simulation result in Fig. 14 where the robots make
a triangle-formation around TARGET. The formation vectors for this triangle-formation are calculated by Eq. (20).

5. Simulations
We simulated this cooperative behavior as shown in Fig. 6. A robot troop consists of eight nonholonomic mobile
robots of the Hilare-type. Each robot can recognize whether it is an end or not in this troop, because an end robot
senses only one robot while a non-end robot senses two robots. We give rules (reactions) to determine the formation
vectors as: (i) a non-end robot has t (dxi , dyi ) in Fig. 4(a); (ii) a non-end robot has a zero-formation vector when
it cannot see TARGET; (iii) an end robot has t (dxi , dyi ) in Fig. 4(b), and (iv) an end robot has a zero-formation
vector when it cannot see TARGET. In Fig. 6, R1 which is an end robot has t (dxi , dyi ) in Fig. 4(b) and R2 which is
a non-end has t (dxi , dyi ) in Fig. 4(a). We set the formation vector norms as: |t (dxi , dyi )| = 3.0, i = 1, 2, . . . , 8, and
the attraction coefficient of Ri to Rj as: τij = τji = 4.0, i = 1, 2, . . . , 7, j = i + 1. We also set the parameters as:
τ = 1.0; δ = 200.0, and D = 0.3 m. Each Ri in the simulations rotates its orientation as: (i) θ̇i (t) = 2.0π/2.5 rad/s
in Figs. 7, 11–14; (ii) θ̇i (t) = −2.0π/2.5 rad/s in Fig. 8; (iii) θ̇i (t) = ki {(θ0 + A0 sin ωi t) − θi (t)} rad/s, ki = 4.0,
θ0 = −π/2.0 rad, A0 = π rad, and ωi = 2.0π/2.5 rad/s in Fig. 9; (iv) θ̇i (t) = ki {(θ0 + Ai sin ωi t) − θi (t)} rad/s,

Fig. 6. A mobile robot troop.
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Fig. 7. Evolutions of robot positions and orientations. (a) t = 0.0–30.0 s; (b) t = 0.0, 30.0 s.

ki = 4.0, θ0 = −π/2.0 rad, Ai = π rad when gi |ṽ i | ≥ π, Ai = gi |ṽ i | rad when gi |ṽ i | < π, gi = 10.0, and
ωi = 2.0π/2.5 rad/s in Fig. 10. The case of (i) physically means that the robot rotates counterclockwise at the
angular velocity, 2.0π/2.5 rad/s. The case of (ii) means that the robot rotates clockwise at the angular velocity,
−2.0π/2.5 rad/s. The case of (iii) means that the robot oscillates its orientation around the angle, −π/2.0 rad. The
case of (iv) means that the robot oscillates its orientation as the case of (iii), however, its oscillation amplitude
approaches zero as the norm of its desired velocity, |ṽ i |, converges to zero. In other words, each robot is not required
to keep rotating/oscillating. The robot can stop its rotating/oscillating motion and it can direct its orientation in
its desired direction, after ṽ i = 0 holds, i.e., after it captures/encloses TARGET by making troop formations with
other robots. Even if the robots do not synchronize their rotating/oscillating motions, they achieve this cooperative

Fig. 8. Evolutions of robot positions and orientations. (a) t = 0.0–30.0 s; (b) t = 0.0, 30.0 s.
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Fig. 9. Evolutions of robot positions and orientations. (a) t = 0.0–30.0 s; (b) t = 0.0, 30.2 s.

hunting behavior. Since we can choose any non-constant time-varying function as θi (t), this control law allows for
wide variety of time-varying feedback.
Throughout all the simulations, all the robots are initially located on the line: y = 5.0 m at an interval of 0.5 m and
the initial orientation of each Ri is set as: θi (0) = −π/2.0 rad. Fig. 7(a) shows a simulation result where TARGET is
static on the coordinate: t (3.0, 2.0) and where each Ri rotates as: θ̇i (t) = 2.0π/2.5 rad/s. We can see that the rotating
robots capture/enclose TARGET by making an arc-like formation. Collisions between the robots are avoided by the
repulsion, the fourth term in Eq. (1). Fig. 7(b) shows the final relative positions of the robots to TARGET. Because
the norms of the formation vectors are long enough to make any relative distance of any robot to any other robot

Fig. 10. Evolutions of robot positions and orientations. (a) t = 0.0–30.0 s; (b) t = 0.0, ∞ s.

H. Yamaguchi / Robotics and Autonomous Systems 43 (2003) 257–282

277

and TARGET longer than D = 0.3 m, the repulsion, the fourth term in Eq. (1), does not work, and the final relative
positions of the robots to TARGET are described by Eq. (20), which we can see as follows. The convergence values
of the formation vectors are given as:
d x = t (−0.86, −2.87, −1.99, −0.79, 0.49, 1.75, 2.77, 1.15),

(25)

d y = t (−2.87, 0.86, 2.24, 2.89, 2.96, 2.43, 1.15, −2.77).

(26)

From Eqs. (20), (25) and (26), the final relative positions of the robots to TARGET are calculated as:
θ x = t (−0.69, −0.81, −0.63, −0.27, 0.17, 0.56, 0.79, 0.72),

(27)

θ y = t (−0.32, 0.24, 0.71, 0.97, 0.99, 0.77, 0.33, −0.25),
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We can see that the convergence values of θ x and θ y in Eqs. (27) and (28) exactly describe the final relative positions
of the robots to TARGET in Fig. 7(b).
Fig. 8(a) and (b) show a simulation result where TARGET is static on the coordinate: t (3.0, 2.0) and where each
Ri rotates as: θ̇i (t) = −2.0π/2.5 rad/s. We can see that the troop achieves this cooperative behavior in this case.
Fig. 9(a) and (b) show a simulation result where TARGET is static on the coordinate: t (3.0, 2.0) and where each
Ri oscillates its orientation as: θ̇i (t) = ki {(θ0 + A0 sin ωi t) − θi (t)} rad/s, ki = 4.0, θ0 = −π/2.0 rad, A0 = π rad,
and ωi = 2.0π/2.5 rad/s. We can see that the troop achieves this cooperative behavior in this case.
Fig. 10(a) and (b) show a simulation result where TARGET is static on the coordinate: t (3.0, 2.0) and where each
Ri oscillates its orientation as: θ̇i (t) = ki {(θ0 + Ai sin ωi t) − θi (t)} rad/s, ki = 4.0, θ0 = −π/2.0 rad, Ai = π rad
when gi |ṽ i | ≥ π, Ai = gi |ṽ i | rad when gi |ṽ i | < π, gi = 10.0, and ωi = 2.0π/2.5 rad/s. This means that each Ri
reduces its oscillation amplitude as the norm of the desired velocity, |ṽ i |, converges to zero. Each Ri finally stops
its oscillating motion and it directs its orientation in the direction, θ0 = −π/2.0 rad. We can see that the troop also
achieves this cooperative behavior in this case.
Fig. 11(a) and (b) show a simulation result where TARGET moves at the velocity, t (−0.1, −0.05) m/s, and its
initial location is the coordinate: t (4.5, 3.2) and where each Ri rotates as: θ̇i (t) = 2.0π/2.5 rad/s. The troop pursues
TARGET. The relative distance of the troop to TARGET is proportional to the moving velocity of TARGET.
When TARGET moves faster, the relative distance of the troop to TARGET becomes longer. When TARGET loses
its escape route in closed environments, e.g., in building, and it slows down, the troop achieves this cooperative
behavior.
Fig. 12(a) and (b) show a simulation result where TARGET is static on the coordinate: t (3.0, 2.0) and where
each Ri rotates as: θ̇i (t) = 2.0π/2.5 rad/s. We put a cylindrical obstacle whose center is located on the coordinate:
t (2.0, 3.5) and whose radius is 0.5 m. Initially, the robots, R and R , cannot see TARGET, so that they have
1
2
zero-formation vectors. However, since R2 is attracted to R3 by the first term in the right-hand side of Eq. (1), it
approaches TARGET. Similarly, R1 is attracted to R2 and it also approaches TARGET. Finally, all the robots can
see TARGET and they achieve this cooperative behavior in this case.
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Fig. 11. Evolutions of robot positions and orientations. (a) t = 0.0–30.0 s; (b) t = 0.0, 30.0 s.

Fig. 13(a) and (b) show a simulation result where TARGET is static on the coordinate: t (3.0, 1.5) and where
each Ri rotates as: θ̇i (t) = 2.0π/2.5 rad/s. We put two cylindrical obstacles. The center of one cylindrical obstacle
is located on the coordinate: t (1.5, 4.0) and its radius is 0.5 m. The center of the other is located on the coordinate:
t (4.5, 4.0) and its radius is also 0.5 m. We can see that the troop goes through the space between the obstacles and
it achieves this cooperative behavior in this case.
Fig. 14(a) and (b) show a simulation result where TARGET is static on the coordinate: t (3.0, 2.0) and where
each Ri rotates as: θ̇i (t) = 2.0π/2.5 rad/s. We set the formation vectors of the eight robots as: t (dx1 , dy1 ) =
t (−2.2, −1.6), t (d , d ) = t (−1.0, 0.8), t (d , d ) = t (−0.6, 1.6), t (d , d ) = t (−0.2, 4.0), t (d , d ) =
x2 y2
x3 y3
x4 y4
x5 y5
t (0.2, 4.0), t (d , d ) = t (0.6, 1.6), t (d , d ) = t (1.0, 0.8), and t (d , d ) = t (2.2, −1.6). Since, as we have
x7 y7
x8 y8
x6 y6

Fig. 12. Evolutions of robot positions and orientations. (a) t = 0.0–30.0 s; (b) t = 0.0, 30.0 s.
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Fig. 13. Evolutions of robot positions and orientations. (a) t = 0.0–30.0 s; (b) t = 0.0, 30.0 s.

Fig. 14. Evolutions of robot positions and orientations. (a) t = 0.0–30.0 s; (b) t = 0.0, 30.0 s.

described, the formation is controllable by the formation vectors, it is possible to make the troop have other formations
by controlling the vectors. We can see that the troop makes a triangle formation around TARGET in this case. These
simulations are performed by the Runge–Kutta–Gill method and its sampling time is 0.005 s.

6. Conclusions
This paper has presented a distributed smooth time-varying feedback control law which asymptotically stabilizes multiple nonholonomic mobile robots of the Hilare-type to capture/enclose a target/invader by making troop
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formations in surveillance areas, and whose asymptotic stability is guaranteed in a mathematical framework, averaging theory. We have specifically dealt with a matrix whose components are averaged over time by integration
and whose eigenvalue distribution explicitly describes stability of this control law. The eigenvalue distribution
is analytically shown by Hölder’s inequality in functional analysis, which means that stability analysis of this
control law is given in averaging theory and it is technically related with functional analysis. Each robot in this
control law has a two-dimensional control input referred to as a “formation vector” and the formation is controllable by the vectors. Especially, the final relative position of the troop to the target and its final formation
around it are given as a convergence value of a first-order linear time-differential equation that is time-invariant
while this control law is time-varying. As for determining the formation vectors, we have used a reactive control
framework in which each robot has some reactions heuristically designed according to this cooperative hunting
behavior. Therefore, this robotic system is a hybrid system that consists of a distributed smooth time-varying feedback control law and a reactive control framework. The validity of this hybrid system is supported by computer
simulations.
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